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1. INTRODUCTION

If a gravimetric quantity X is a function of &(y. @) of the form

X(P)=f fl«’(w)é(w.a)do a.n

where ¢(p. @) is some measured quantity related to the gravitational potential, then failure to integrate equa-
tion (1.1) over the entire sphere introduces an error d.X into the computation. If the region of integration is
confined to a spherical cap centered on the computation point P, the error is usually denoted as the cap trun-
cation error. Molodenskii et al. (1962) and recently Dickson (1979) have given a method for minimizing dN
for the Stokes integral. The method assumes that the first M harmonics of Ag(y. @) are known a priori so that
one may replace S(y) with

Su(‘u) = S(W) - L \1(‘#) (1.2)
where
Af
Ly(p)= ; ay P.(cos ). (1.3)

The functions P.(cos w) are the Legendre polynomials and the coefficients @, are determined by minimizing
the integral

n

S 1560 = Lalw)) sin w o (1.9

In this report this method will be used to reduce the cap truncation error for the Stokes equation, then
modified and applied to the Vening Meinesz integral.
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2. APPLICATION OF THE MOLODENSKII PROCEDURE TO THE STOKES INTEGRAL

Consider first the Stokes equation

N(P) = %f fS(w)Ag(w,a)sinwdwda 2.n
4n oo

having the kernel function

Sw) = 2 2 pcosw). 2.2)
n=1 ” - l

If the integration of equation (2.1) is extended only up 10 a spherical distance y, from the point P, then equa-
tion (2.1) may be written as

R

J’)f S(y) Ag(w. a) do + dN, 2.3)
4nG " 7

N(P) =

where do is the incremental surface element and dN, is the cap truncation error defined as

oN, = 4RG S S swtetw e (2.4)
- ..

The subscript I follows the usage in [Fell, 1978]. Following the practice [Heiskanen & Moritz, 1967) of defin-
ing the truncation function as

S(y)= (2.5)
S(y) ifpye<ys<n

and expanding it into a series of Legendre polynomials

Sw= 2 _2_"_2_+LQ, P.(cos w) (2.6)

n=0

allows the truncation error to be expressed as

N o= R MY o [ atwa) Paicosy) do. 2.7)
4anG =t 2 0 o

The double integral is equal to 4nAg,/(2n + 1), so that
VAL 2o WYS 2.7)
26 2
where Ag, is the n’th degree harmonic from the expansion

A2 = 2 Bg.(6.)) (2.8)
nx2

and the Q. arc the Molodenskii coefficients defined as
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Q. = Q. (pa) = fn S (@) P.{cos w) sin wdy

= f S(y) P.(cos y) sin wdy
Uy
The rms error due to neglecting distant zones is the square root of

— 2 -
N:= R 3 o,
4G 2 n=2

where the ¢,’s are the anomaly degree variances [Heiskanen and Moritz, 1967).
Under the assumption that the first M harmonics of Ag are known, define

M o
Be-ng- 2 dg= 2 Mg,

n=2 n=A+1

Then equation (2.1) may be written as

N = 471:0 gjﬂng,,S(:p)do+ TRRG__[ngs(w)do

where the integration is carried out over the sphere.
The first integral in equation (2.12) reduces to

M
R 3 8% _nN N+ N,
G = n-1

where Ag,, ..., Ag,, are assumed given.
Let

Suly) = S(yw) — Ly (y)

where
M
Lyly)= 2 4 Pycos w)
k=0

and replace S(w) by Su(y) in the second integral of equation (2.12).

2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.149)

(2.15)

From the orthogonality properly of Legendre polynomials, the second integral is zero for & € M. Thus

S(y) can be suitably modified in this fashion without affecting the value of N. Thus

NongroNe s B RS do

4nG;
R A Wi o~
/ o A_L’ S\( ) (IO + qu
N, +...4 Ny + v f" f" Ay '

where dN,, is the cap truncation error under the assumptions made above,

oNe = R Besutwrdo
4n(; 7" T

(2.16)

(2.17)




0 it0< yw<uy,
Sw(W)= 2.18)
S\I(W) it woSysn

and expand it into a series of Legendre polynomials

Suly) = 2 20 4 1 4 pccos w) (2.19)

n=0 >
4

where
g = qulps) = f”" S u(w) P.(cos ) sin wdy
= _J: Suly) P.(cos w) sin wdy. (2.20)
Using equations (2.14) and (2.15) and letting
R, = f P.(cos w) P.(cos w) sin wdy .21

one can rewrite equation (2.20) as

A

4. = Q. - 2 AR (2.22)

k=0

and the cap truncation error as

6N, = R >

- AL f f( Ag P.(cos w) sin wdwda. (2.23)
nG nz0 2 o 4

Since the integral in equation (2.23) is zero for n < M and cqual to 4ndg, /2n + Ny forn 2 M + 1,

dN,, . R Z e Ag... (2.24)
2(" n=Ae

The rms error due to neglecting distant zones is the square root of
- 2 -
aNi RT3y (2.29)
4("1 noifs

To evaluate equation (2.25) the coefficients @, must be computed. This is done by applving Schwars'san-
cquality to cquation (2.17),

S &suwa] < [f 6o ff tsuwnan

4
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and minimizing the second integral on the right. This leads to the following set of Af + 1 equations with as

many unknowns

n n hed 2
_a_ﬁ_ {f f [S(w) - E a, P.(cos w)] do} =0 forn =0,1,.... M
da, ¢ T

k=
giving
" M "
f S(y) P.(y) sin wdy = Z a, f P, (cos y) P.(cos y) sin wdy.
L3N k=0 LI
Using equation (2.9)

M
0.= 2 &R.  forn=01,..,M
k=0

Expressing equation (2.28) in matrix notation
{0} = [R°]1{a"}
gives the solution as

{'} = R {0}

(2.27)

Note that @, = a,(M, wa). i.c., a; is a function of M, the number of lower degree harmonics assumed known,

and of the cap size, wo. Furthermore, ¢, = 0 for n < M.




3. APPLICATION OF THE MOLODENSKIHI PROCEDURE TO THE VENING MEINESZ INTEGRAL

The two components of the deflection of the vertical are the north-south component & and the cast-west
component n. The Vening Mceinesz integral

{3} = (w.a){ 0o} o (3.0
where
S = S(p) = 2 20+ 1 pleos W) (3.2)
(Iw = -]

permits the computation of the deflection of the vertical from gravity anomaly. If the integration is carried
out over a spherical cap of radius ye, then

{57}= 4rG f f s W) Ag{u“u}(lo‘*’{dn} (3.3)

where

foh= L S S swef e yao )
314

is the cap truncation error.
Following [Hagiwara, 1973) introduce the function

B 0 iro<y<y,
¢ly) = _ (3.5)
':S(‘“) fyweSp<n

and expand it into a series of associated Legendre functions

L= 2 2041 ) Plicos ) (3.6)
= e o+ 1)
where ¢.(w,) are the Cooke coefficients defined by
g.(w.) = f S w) Pl{cos y) sin wdy. (3.7

Furthermore, Hagiwara shows that ¢.(w,) and Q.(w.) are related by

(,n(uhv) == "!',’ + l) Qn(u‘n) o I,, S(w,.) I),t(k’(\\ Wao } sin Y. (XR)
5 2

Using equations (3.5) and (3.6) and defining
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!
1
}

Q: = Q:(Wu) =T 2

q.(wo)

nin + 1)

=0, + ' S(po) Pa(cos o) Sin wy (3.9)

nn + 1)

the cap truncation error, equation (3.4), becomes

{2} =- 21:0 XI 2"4“ Q‘:L_J: Ag Plicos w) { <02 } do. (3.10)

It can be shown [Hagiwara, 1973], [deWitte, 1967] that the double integral in equation (3.10) through a
change to latitude and longitude variables is equal to

o n - Ag,
Ag P,(cos el gy 4n a¢ . 3.1
f(l f() g IP) { sin 0} 2" + l ) -liﬁv _E?» Agn
cos ¢ E
So the cap truncation error becomes
a
x % A,
{¢} ==L 2 or 2¢ . (3.12)
mJ, =2
26 " . ‘ . aAg
cos ¢ £

and the rms error due to neglecting distant zones is the square root of

w©

WIZ:E{&I*'MZ}:# % nin + HOXe, (3.13)

where E is the expected value operator.

Following a procedure similiar to that used for the Stokes integral, assume that the first M harmonics of
Ag are known.

Let
Lulw) = S () — Li(y) (3.14)
where
M
Ly (p)= Z a, P. (cos y), (3.15)

k=]

and in equation (3.1) replace S'(w) by &a(w). This yields

M D n
(= 2 [ [ st (116

4nG 7!

co b R o+ ()

anG;



Using equation (3.11) the first integral in equation (3.16) can be evaluated giving

The last term in equation (3.16) is the cap truncation error

f“:"fu:& Sulw) {

it0< y<wa

Ltu(w) ity <wp<n
and expand it in a series of associated Legendre functions of order one,
E»,(W)= z

Al g Picosy)

g.= q.(wo) = fo & mlw) Pl (cos ) sin wdy

=1 fwzéu(w) P, (cos w) sin wdy.
Using equations (3.9) and (3.15) and defining
R.= fw:Pn'(cos w) P.(cos w) sin wdy
G.=q.(p) =07 +

the expressions for ¢.(w.) and () become

or+ |

3.17)

(3.18)

(3.19)

(3.20)

3.21)

(3.22)

(3.23)

(3.24)




and

Culw)=- 2 ) q' Plcos ). (3.25)
4

n=t

From equation (3.9) we note that the ¢. are related 1o the Molodenskii coetficients

A
g, =0, + ! S(wa) Pa(cos w,) sin w, + ! . z a! R (3.26)
nin + 1) nn + 1) =
The cap truncation error, equation (3.18) can now be expressed as
{32}"=— ! 2 Qn+bh qlfn f" Ag Pl(cos y) { <o } do
G 4
a
i Ag.
-1 2 4 a4 (3.27)
26 ! 7 e
cos ¢ a3k

and the total rms error due to neglecting distant zones as the square root of

o0

962 = T’G_I_ ;H ntn + Blgi1 e, (3.28)

Before computing the coefficients q., we need to determine the cocfficients ¢, . Applying to equation (3.18)
the same procedure as was used for Stokes integral leads to the condition

oan M 2
9 {J: Ju, [S'(w)— E a, P:(cosw)] do} =0,forn=1,2,...M (3.29)

da,

which results in the linear equations

n M "
f S'(w) Pitcos w) sin wdy = > a, f P.(cos w) Pl(cos w) sinwdy, forn =1,2,.... M (3.30)
Wy k=t y

or

Al

=1 2 a'R'. fornm-1.2....M. (3.31)

“ k=i

Expressing equation (3.31) in matrix noation gives

—— . it ¥V W eew TR TR R il s O




{g} =L R'1{a'
giving the solution
{@'}=21R"1" (q}.
Note that a; = a.(M, w,) and from equation (3.24)

g. =g, =0forn< M.

10
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4. COMPUTATIONAL APPROACH FOR EVALUATING THE TRUNCATION ERROR,
RESULTS, AND CONCLUSIONS

The truncation error for the Stokes and Vening Meinesz integrals due to neglecting distant zones was
given by equations (2.10) and (3.13) respectively. Introducing the modification to the kernel recommended by
Molodenskii (1962) leads to equation (2.25) for geoid height. For vertical deflection an analogous procedure
leads to equation (3.28).

Other methods for minimizing the truncation error have been studied [Wong (1969), Meissl (1971), Fell
(1978)]. In addition to the Molodenskii procedure, results in this report include the procedure recommended
by Fell (1978) for the Stokes kernel, consisting of harmonic removal from the gravity anomaly field alone.
Results from this procedure are presented for both the Stokes and Vening Meinesz integrals.

For this latter method the expected truncation error for geoid height is given by the equation

Ni= R 3 o
= Q. c. (4.1)
461 a4

~here the Q, are the Molodenskii coefficients given by equation (2.9). For vertical deflection the expected
truncation error for this method is

68 = ! - Z nin + ])Q:”c,, 4.2)
4G n=Af+}

where the Q) coefficients are given by equation (3.9) as developed by Hagiwara (1973).
In addition to equations (4.1) and (4.2) the equations used to evaluate the truncation errors are sum-
marized as follows:

i R} - .
ON,= g.c. (4.3)
4nG® 2
—_ 2 = o
N, = R 2 W@ (4.4)
4"61 nsALe )
d—9f= _l_~~. Z nin + HOY ¢, 4.5
4Gt =2
n! — 1 S 2,
a8, = i WZ’” nin + Mg, ¢, (4.6)
where
Q.= .[., S(v) P,(x) dx 4.7)
M
q. = Q.- 2 a’ R, (4.8)
k=0
R, = I. Px) Py dx (4.9)
OF - Qv b SIPex) - vo Putxa)] (4.10)
(n +1) "
=0t b 2 Rl (@.11)

h(hv 1) A

e et i et £t i hAn -

R




o0
Rl.=L P.(x) Pi(x) dx (4.12)
Se)= 1 —6sin%o+1-coswo [S-3In(sin Po+sin® Yo 413
(xo) —7 m_zg cos wo |[ (si > sin _2_)] ( )
2
Xo = COS Wy _ 4.14)

All computations were done on the CDC-6700 computer using double precision arithmetic. The anomaly
degree variances were computed using Kaula’s rule

192 forn>3 (4.15)
n+ 1.5

C,=

with ¢, taken as 10 mgals®.
The values of several constants were taken as

G =9.798 x 10° mgals
R*/G' =42.3 m*/mgal®. (4.16)

The Molodenskii coefficients, Q.,, were computed using the recurrence relations derived by Paul (1973). To
compute certain other quantities, the following identities were used (See Appendix C for derivation).

b h
Jtpoorar= 2= [ ptyax + [Xf’f(x) + P () -2P0)V P " or >
’ 2n+1 7 Cn+

a

h »
I P.x) Putxy dx = [(n-k)xmx) Pu(x) - nP,_,(x) Pu(x) + kP,(x) P...(x)
. (n-K)n + k + 1) .

forn#kand n21, k21 (4.18)

b h
Iﬂ [P dx = nin + 1) f [P.(x)])? dx+ n[P"(x)Pm,(x)—xP,f(x)]: forn21 (4.19)

h
f Plx) PX(x) dx = - nk [(n—k)xP,(x)P.(x)—(n + DP,(x) Piilx) + (k + 1) P, (x) Putx)
° (n-k)Yn + kK +1)

forn#kand n22, k22. 4.20)
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GEOID HEIGHT RESULTS

Figure 1 presents a plot of the classical geoid height truncation error as a tunction of cap siz¢ based on
equation (2.10). This graph shows that the expected error in geoid height does not decrease asymptotically as
the area of integration is increased as might be expected intuitively. The error function has two local minima
occurring at the zeros of the Stokes kernel. Even if the cap size is extended to sixty degrees, the truncation et -
ror still exceeds 10 meters.

20—

10— 5;,

RMS Error (meters)

T
0 60 120 180

wo (degrees)

Figure 1. Truncation Error for Geoid Height

To reduce this error, two procedures were introduced with the resultant truncation errors 8N, [Fell,
1978] and 8—/\7" [Molodenskii, 1962]. These procedures were evaluated for several values of M representing the
number of harmonics of the gravity anomaly field which are assumed to be known. Figure 2 gives the resul-
tant truncation errors for these procedures for the case where M is 6. In this case the truncation error was
substantially reduced by the removal of 6 harmonics from the field (8N ;) and dramatically reduced even
further by the Molodenskii technique (d_N,,). As an example, for a cap size of twenty degrees the classical
truncation error of 14.8 meters was reduced to 2.9 meters by the removal of 6 harmonics from the gravity
anomaly field and reduced to 0.5 meters using the Molodenskii procedure which modifies the Stokes kernel
according to cquation (2.14). Figure 3 gives the modified and original Stokes kernel for this example, and
Figure 4 presents the truncation errors W,N and 3—/\—/" as a function of M for a twenty degree cap.
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Figure 2. Expected Truncation Error for Geoid Height Using Method I1f and Molodenskii’s Procedure (M = 6).
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Figure 3. Stokes Function and Modified Kernel According to Molodenskii (M = 6, w, = 207).
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] 0 12
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Figure 4. Truncation Error for Geoid Height as a Function of the Number of Known Harmonics (y, = 20°)

Appendix A contains additional information and results obtained using these two procedures for reduc-
ing the truncation error. The polynomial coefficients ay (M, w,) for the kernel modifications using Moloden-
skii’s procedure are given for several values of M. Examples of the modified Stokes kernel S, (y) are also
plotted in this appendix. An examination of these figures shows that for increased values of M or for larger
cap sizes the modified kernel according to Molodenskii approaches zero outside the cap as expected since this
was the aim of the minimization criterion. Inside the cap the modified kernel appears somewhat like the result
expected of a cosine taper applied to S(y). Figures A.3 give additional examples of the truncation crror as a
function of cap size for M = 2, 4, 12 and Figures A.4 give the truncation errors d_N”, and (W" as a function
of M for cap sizes of 15 and 30 degrees. Finally Tables A.2 give the truncation errors for M = 2,4, 6,8, 10
and 12 as a function of cap size ranging to 100 degrees. These results demonstrate for most cases that the
Molodenskii technigue is an extremely effective procedure for reducing the geoid height truncation crror. The
procedure examined by Fell (1978) consisting of harmonic removal from the anomaly data alone also
significantly reduces the error of truncation but not nearly as well as the optimized procedure of modifying
the kernel. The subtraction of the first M harmonics of the Stokes kernel with coefficients 2n + 1)/(n - 1)
from S(y) is another (not optimized) procedure examined by Fell (1978) which cannot be expected to vield as
good of results as with the Molodenskii technique. However the Molodenskii procedure is weakest when ap-
phied with small M and small cap <ize as evidenced in Tables A2, In these cases the minimization procedure

1S




is equivalent to fitting a low degree polynomial to the Stokes® kernel outside a small cap region. With a low
order polynomial one cannot expect the difference between S(y) and the polynomial to be small in these cases
after minimization. Recall that S(y) requires an infinte series of Legendre polynomials for an expansion over
the interval of definition. In these cases the procedure works but not as effectively as in other cases.




VERTICAL DEFLECTION RESULTS

The truncation error for vertical deflection based on equation (3.13) is given in Figure S as a function of
cap size. For instance, using observations within a forty degree cap would result in an rms truncation error of
approximately 1 second of are.

4

[

RMS Error (seconds)

é6,

T A AR A |

A 40 o0 L] 1Ry 120 148 160 180

yo {degrees)

Figure 5. Truncation Error for Vertical Deflection

To reduce this error two procedures are examined. The first is based on removal of harmonics from the
gravity anomaly ficld adopting the Vening Meinesz kernel, while the second additionally modifies the kernel
according 1o cquation (3.14). In this fatter approach the Moladenskii technigue for geoid height is modified
by changing the form of the approximating polynomial. Figures 6 and 7 give examples of this modified kernel
for M equal 10 6 for two cap sizes, 20 and 40 degrees. For the latter case the modified kernel resembles @
cosine taper apphicd 1o the Vening Meiness kernel. In Figure 8 the expected truncation error for vertical
deflection as a function of cap size is illusteated for the three cases mentioned. Substantial reduction in the
truncation error is apparent using Method H1 and the Molodenskii technigue, with the latter producing
better results for caps sizes exceeding 20 degrees. In this example the Molodenskii procedure would indicate that &
cap size of between 20 and 30 degrees would be adeguate for a deflection accuracy of 0.2 seconds of arc. This in-
formation is thus valuable for survey design. For a desired accuracy and for an assumed value for M a minimum
cap size may he determined tfrom graphs analogous to Figure 8. If deflections are desired in a limited geographical
region, then the extent of the survey to support deflection computations in that region may be defined.
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Figure 9 gives an example of the rms deflection error for a 30 degree cap as a function of the number of
harmonics assumed known. Again for small caps and small M the approximation of the Vening Meinesz
kernel with the low degree polynomial will not be as effective a procedure, since the modified kernel may be
significantly different from zero exterior 1o the cap.

In Appendix B more detailed results are presented for these two procedures for minimizing the trunca-
tion error. Table B.1 gives the coefficients a. (M, wo) for the modified Vening Meinesz kernel based on the
Molodenskii procedure for M equal 10 2, 4, 6, 8 and 10. Figures B.1 and B.2 give examples of these modificd
kernels for cap sizes of 20 and 40 degrees respectively. Figure B.4 gives the expected truncation error for ver-
tical deflection using Mcthod Il and the Molodenskii approach as a function of the number of harmonics

removed for the 20 and 40 degree spherical caps. And finally, in Table B.2 the truncation errors 46, 46, and
4@, arc given for cap sizes up to 100 degrees for M values of 2, 4, 6, 8, 10, and 12. Again for small values of
M and y, these tables show that the Molodenskii approach and Method 111 give comparable results. As the
number of harmonics removed and the cap size increases the Molodenskii approach becomes superior.
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CONCLUSIONS

This report has addressed some relatively simple approaches for minimizing truncation error for geoid
height and deflection of the vertical computations due to the application of the Stokes and Vening Meiness in-
tegrals on limited geographic areas. The results clearly demaonstrate that major reductions in these truncation
errors are possible under the assumption that the lower degree harmonics of the disturbing potenual are
known. The effects of errors in these harmonics and errors in gravity anomaly data were not considered.
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APPENDIX A

MODIFIED STOKES KERNELS AND TRUNCATION ERRORS




Table A.1 Polynomial Coefficients a, (M, y,) for Stokes Kernel Modifications According to Molodenskii

M =2
Wo as ay 17 | '
!
10.0 ~IRIBY - SA283  4.10415 '
15.0 S26676  -.79184  3.70801 |
20.0 S34709 102267 3.3559] j
25.0 SA42365 -1.23737 304532 .
30.0 S49728  -1.43820  2.77224 :
35.0 -.S686S  -1.62715  2.53235 ;
40.0 -.63827  _1.80583 2.32154
45.0 - 70647 -1.97549  2.13608 ’
50.0 S 77350 -2.13706  1.97267
55.0 -.83947  -2.29123  1.82843 ,
60.0  -.904344 -2.43849 1.70088
M =4
W as al al 7 al "
10.0 -.14969 -.44711 4.26130 2.47930 1.71041 .‘1
150  -.20709 -.61574  3.99193  2.12596  1.29522 i
200 -.25791  -.76264 3.76498 1.84379 98873 b
25.0  -.30444 -.89478 3.56835  1.6139] 76178 “-
30.0  -.34805 -1.01639 3.39429 1.42333  .59270 :
35.0  -.38956 -1.13005 3.23785 1.26312  .46579 !
40.0  -.42947 -1.23736 3.09575 1.12696  .36975 !
45.0  -.46807 -1.33933 2.96575 1.01028  .2964S i
50.0  -.50555 -1.43662 2.84625  .90968  .24004 :
55.0  -.54200 -1.52965 2.73605  .82250  .19626 ;
60.0  -.57749 -1.61872 2.63423 74668  .16200 1
i
]
M =6 .
Wa ay at al a al at al
100 -.13010  -.38876 4.35713  2.61052 1.87419  1.40071  1.04240 f
150  -.17431  -.51892  4.14827  2.33460 1.54658  1.03965  .66796 o
200 -.21263  -.63034  3.97408  2.11371  1.29918  .78807  .43449 p
25.0 -.24742  -73017  3.82216  1.92909 1.10486  .60724  .28720
30.0 -.27985  -.82203  3.68603  1.77055 94808  .47404  .1929%8
35.0 -.31056  -.90792  3.56205  1.63206  .81930 37409 13182
40.0 -.33990  -.98899  3.44799  1.50977 71223 29802  .09152
45.0 -36812  -1.06598  3.34238  1.40099  .62243 23950 06456
50.0 -.39533 -1.13936  3.24419  1.30375 54664  .19405  .04627
55.0  -.42164 -1.20946 3.15264 1.21652 48236  .1SRSO  .03367 .
60.0 -44709  -1.27649 3.06716  1.13808 42761 13049 02488 |




Table A.1 (Continued)

M=238

0

Wo al ay as al al at al at ak

10.0  -.11624 -.34748  4.42497 2.70348 1.99031 1.53757 1.19716  .92073 L68R26 o
15.0  -.15273  -.45515 4.25146 2.47272 1.71368 1.22864 87095 59298 37456 i
i 20.0  -.18421 -.54707 4.10635 2.28578  1.49933  1.00306  .65064  .39329 20838 1

25.0  -.21271 -.62951 397884 2.12664 1.32482 83013 49480 26672 11861

30.0  -.23922  -.70539  3.86380 1.98747 1.17874  .69368 38122 18409 06908

35,0 -.26422  -.77629 3.75842  1.86382  1.05441 .58408 29681 12897 04116

40.0 -.28802 -.84314 3.66096 1.75287 94746 49500  .23321  .09156 02508

45.0 -.31080 -.90653 3.57030  1.65265 .85477 42197 18479 06583 01562

50.0  -.33268 -.96686 1.48562 1.56173 .77403 236172 14760 04791 00994 b

55.0 -.35375  -1.02441 3.40631 1.47898 .70341 31174 11884 03528 00646 '

60.0 -.37404 -1.07937 3.33194 1.40350  .64144 27009  .09644  .02630  .00428

Wa an af uy al ay all o a" an o o',

10,0 -.10578  -.31631  4.47621 2.77375  2.07820 64130 131465 104966 R2610 63422 J6RR0

15.0  -.13725  -.40934 4.32573  2.57244 1.83486 1.36648 1.02012 74783 52944 35464 21N i
20.0  -.16438 -.48887 4.19922 2.40748 1.64237 15888 BI033  S4823 0 38089 20871 10349

25.0  -.18893 -.56025 4.08752 2.26545 1.48228 199350 65300 40919 23778 12263 L0SOK2

30.0 21169 -.62592  3.98639  2.13999  1.34561 BS9IR S3I6S 30940 (16382 07471 02570

35.0 -.23311 -.68722  3.89350 2.02752 1.22712 74738 43639 23642 11442 04638 0133R

40.0  -.25343  -.74493 380738 1.92573  1.12336 65360 36074 (1R233 0 0R091 02929 00717

45.0  -.27282  -.79958 372708 1.83302  1.03188 .§7438 J001S (14184 OSTRE 018K 00398

500 -.29138  -.85153  3.65191 1.74823 .95082 50698 251280 111260 L0488 01227 00223

§5.0  -.30921  -.90102  3.58135  1.67043 .B787S .44945 21163 08799 03064 0014 00130 "y

60.0  -.32633  -.94823  3.51501  1.5989] 81448 40014 7931 07017 02268 00849 00077
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Table A.2 Expected Truncation Error (meters) for Geoid Height Based on Method 111 and Molodenskii’s

Procedure
M =2 -
Wo di\" 3‘\"111 d\' A1
5.0 27.669661 20.556343 21107032 P

| 10.0 21.739670 14.294292 15.528263 '
| 15.0 17.587212 10.057129 11.502583 .
! 20.0 14.777943 7.337731 8.555670 !
; 25.0 12.916628 5.565207 6.373636 '
t 30.0 11.775998 4.406253 4.744508

35.0 11.229530 3.798171 3.521937

40.0 11.127562 3.681122 2.602423

45.0 11.269953 3.830107 1.911084

50.0 11.471612 4.043541 1.392643

55.0 11.619539 4.296507 1.005635

60.0 11.675333 4.682291 718571 ‘

65.0 11.641289 5.260989 507344

70.0 11.521156 5.965933 C 383411

75.0 11.298368 6.642020 242489

80.0 10.939754 7.131865 163589

85.0 10.416799 7.330423 108290 ‘

90.0 9,728997 7.204085 070178 L
x 95.0 8.917664 6.789355 044406 Y
} 100.0 8.066346 6. 180600 027350 '
. R _ . - )
;
: M= 4
Wa d‘\"l aN " N Y
5.0 27.669661 7.143403 8. 144118
10.0 21.739670 3.821151 4.687022
: 15.0 17.587212 31.916332 2.780762

20.0 14.777943 1972130 1.678309

25.0 12.916628 3.379162 1.021323R 4

30.0 11.775998 2.561030 622904

5.0 11.229530 1.940179 379109

40.0 11.127562 1.785319 229512
‘ 45.0 11.269953 2.072378 137RSS
' 50.0 11.471612 2.514934 081967

55.0 11.619539 2.845642 04R1.49

60.0 11.675333 2.924490 027876 p

65.0 11.641289 2773443 015878

70.0 11.521156 2.576939 ORKTT

75.0 11.298368 2856387 N4RSY

80.0 10.939754 2.719782 02597

85.0 10.416799 2.859411 01382

90.0 9728997 2.797542 006K

95.0 8.917664 2495368 000111

10).0 8.066346 2027741 AN S6

i
3 !
|




Table A.2 (Continued)

M=6

Wo N, N, N,
5.0 27.669661 31.264089 4.202758
10.0 21.739670 3.167549 1.941453
15.0 17.587212 3.645828 1943811
20.0 14.777943 2.936724 470071
25.0 12.916628 1.892564 236672
30.0 11.775998 1.093629 119415
35.0 11.229530 640365 060087
40.0 11.127562 .530456 L02999%)
45.0 11.269953 .685078 014823
50.0 11.471612 936809 007231
55.0 11.619539 1.308044 (X)3473
60.0 11.675333 1.698420 001638
65.0 11.641289 1.900181 000756
70.0 11.521156 1.826413 000341
75.0 11.298368 1.622609 000149
80.0 10.939754 1.551919 000064
85.0 10.416799 1.620535 000026
90.0 9.728997 1.592219 000010
95.0 8.917664 1.361978 000004
100.0 8.066146 1.016394 00000 |

M= 8

Wa d/’V’ d/\/m d,‘\'"
5.0 27.669661 1.992536 2.456RSS8
10.0 21.739670 3.037R07 924879
15.0 17.587212 2.681047 371978
20.0 14.777943 [.600779 153939
25.0 12.916628 J9RR10S 064191
30.0 11.775998 .747238 026968
35.0 11.229530 478502 011241
40.0 11.127562 L3R0003 L0464
45.0 11.269953 .570574 0 RY]
50.0 11.471612 .794426 0760
§5.0 11.619539 R.1LELRE 000299
60.0 11.6753313 L950892 000118
65.0 11.641289 1.161459 0000413
70.0 11.521156 1.309464 000016
75.0 11.29836R8 1.223234 000006
80.0 10.939754 1.072946 000002
£5.0 10.416799 1.078179 ANNNNI]
90.0) 9.728997 1.062128 AMONN0
95.0 8.917664 B79691 OO0
100.0 63944K OO0

R.0661346




Table A.2 (Continued)

M 10

. dN, aN, N,
S0 27.669661 1.730302 1.542910
10.0 21.739670 2.608021 477840
15.0 17.587212 1.696188 159824
20.0 14.777943 1.042413 HLSSOKS
5.0 12.916628 .944152 019181
30.0 11.775998 615120 006679
350 11.229530 1296121 002311
4.0 11.127562 206595 000791
45.0 11.269953 317089 000266
S$O.0 11.471612 486039 000088
S50 11.619539 709787 000028
60.0 11.675333 .T9R808 000009
65.0 11.641289 JTR47S8 000003
70.0 11.5821156 899044 000001
75.0 11.298368 949006 000000
R0.0 10.939754 825826 000000
RS5.0 10. 416799 JTROSES 000000
9.0 9.728997 173971 000000
95.0 8.917664 .625620 000000
100.0 K.066346 470106 000000

M 12

W d'\'l dN i N A
5.0 27.669661 1.716455 1.015893
10.0 21.739670 20588038 260410
15.0 17.587212 1.086172 072612
20.0 14.777943 1.016599 L020872
250 12.916628 .737799 006057
30.0 11.77599% JR1679 01756
5.0 11.229530 L20R457 000508
40.0 11.127562 141440 000143
45.0 11.269951 .279372 000040
S0.0 11.471612 410834 00001
§5.0 11.61953Y 474923 000003
60.0) 11.6753323 624421 000001
65.0 11.641289 672848 000000
70.0 11.5211%6 650156 L0000
75.0 11.298368 LT2R42K 000000
80.0 10939714 671636 000000
R5.0 10.416799 601482 000000
900 Y 728997 (896488 000000
95.0 % 917664 474451 000000
100.0 8066346 R RE L0000




APPENDIX B

MODIFIED VENING MEINESZ KERNELS AND TRUNCATION ERRORS




TABLE B.1 Coefficients «1(M, w,) for Modified Vening Meinesz Kernels
Based on a Molodenskii Type Procedure.

: Mo2

W a) 73}
10.0 29863 -4.50496
15.0 47429 -4.21927
20.0 66262 -3.91999
25.0 85842  -31.61841
30.0 1.05679 -3.32462
35.0 1.25385 -3.04617
40.0 1.44691 -2.78780 |
45.0 1.63430 -2.55183
50.0 1.81517 -2.33875
§5.0 1.98913 -2.14784 ‘
60.0 215614  -1.97770

M=4
Wo al s o al
10.0 29225 -4.51548 -2.82704 -2.14386
15.0 44868 -4.26098 -2.48351 -1.72343
20.0 60025  -4.01985 -2.16908 -1.35669 ‘
25.0 74279 -3.79950 -1.89448 -1.05657
30.0 87585 -3.60103 -1.66017 - .82044
35.0 .99943  -3.42251 -1.46178 -~ .63854
40.0 1.115874  -3.26117 -1.,29365 - .49974
45.0 1.22569  -3.11445 -1.15052 - .39405
50.0 1.33022  -2.98025 -1.02798 - .31339
55.0 1.42998 -2.85693 - 92253 - 251558
60.0 1.582544  -2.74326 - 83136 -~ .20383

M -6
Wa a) ah ah a’ at al
10.0 28330 -4.53025  -2.84741  -2.16952 -1.74788 -1.4336Y9
15.0 A1916  -4.30910  -2.54864 ~1.80345 -1.32703 -.97226 .
20.0 SA0TR O -4 1IS1T -2.29487  ~1.50595  -1.00433 -.64394 /.
25.0 64953 -3.94597 - 2.0R179  -1.26934 -.76599 -.42460
10.0 74840 -3.79614  -1.90075  ~1.08000 -.59068 -. 28166
315.0 (RIYRS 166117 -1.74443 -.92631 -.46054 - 18896
40.0 92887 -3.83795 - 1.60758 -. 79984 .16270 -, 12883
45.0 1.00668 1.42440  -1.4R8659 (69462 2RR27 - ORR74
S0.0 J.OR377 - 3.31912 - 1.378KK - 60637 23108 06222
55.0 118737 -3.22112  -1.28282 LS3190 REYN L0443
60.0 I

22776 312968 -1.19606 - 46R76 18213 03208




Table B.1 (Continued)

M=28

Wo al al al al at a. a' uk

10.0 27263 -4.54786 -2.87169 -2.20013 -1.78436 -1.475S80 -1.22456 -1.01102

15.0 39001 -4.35664  -2.61304 -1 8R265 -1.41855 -1.07327 -.79881 -.57510

20.0 49035 -4.19615 -2.40201 -1.63354 -)1.14575  -7921)  -.52447 -.32158

25.0 STR73 -4.05762  -2.22544  -1.43396 -.93949  -.59504  -.35039  -.18090

30.0 65896 -3.93439 -2.07326 -1.26942 -.77929 - 45368  -.23830  -.10337

35.0 73330 -3.82248 -1.93931 -1.13081 -.65210 -.35002 -.16465 -.06024

40.0 80307 -3.71951 -1.81979 -1.01236  -.54955  -27272  -.11S37 - .03S58S

45.0 86906 -3.62400 -1.71222 -91017 -.46598 -.21435 -.08189 -.02180

50.0 93179 -3.53494 -1.61485 -B2144 -39736 -.16986 -.0S884  -.01355

55.0 99160  -3.45161 -1.52638  -.74403  -.34068 -.13567 -.04279  -.00860

60.0  1.04872 -3.37348 -1.44576 -.67626 -.29362 - 10921 -.03150  -.00558
M =10

W u} a5 a\ al al an, at s al, dio
10.0 26123 -4.56667 -2.89764 -2.23283 -1.82335 -1.52021 -1.27436 -1.06520 -.88273% - 72160
15.0 36354 -4.39983 -2.67160 -1.95479 -1.50205 -1.16565 -.89735 -.67701 -.49464 -.34450
20.0 44925 -4.26227 -2.48975 -1.73849 -1.26274 -.91561 -.64889 -.44165 -.28246 -.1634R
25.0 52470 -4.14316 -2.33625 -1.56217 -1.07638 -.73189 -.47925 -.29526 -.[6551 -.07889
30.0 59337  -4.03653 -2.20222 -1.41347 -.92617 -.59214 -.35936 -.20114  -.09925  -.03900
35.0 65707  -3.93919 -2.08286 -1.28546 -.80249 -.48344 -.27260 -.13908 -.06071 -.01981
40.0 71685 -3.84928 -1.97526 -1.17386 -.69929 -.39765 -.20880 -.09740 -.03780 -.0103%5
45.0 77336 -3.76561 -1.87750 -1.07577 -.61239 -.32927 -.16134 -.06902 -.02393  -.00556
50.0 .82701 -3.68738 -1.78823 -.98905 -.S3875 -.27434 -.12571  -.04946  -.01540  -.00370
55.0 87811 -3.61400 -1.70641 -.91207 -.47603 -.22995 -.09R75 -.03585 -.01007 -.00174
60.0 192686 -3.54503 -1.63125 -.84352 -.42240 -.19389 -.07821 -.02628 -.N0669 - 00101

e
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TABLE B.2 Expected Truncation Error (seconds) for Vertical Deflection
Based on Method 111 and a Molodenskii Type Procedure j
M=2 i
i
CAP SIZE o o o
Wo 46, a9, a0,
3 5.0 3.978880 3.662607 3.663817
10.0 3.111038 2.742907 2.752567
15.0 2.505130 2.096936 2.126250
20.0 2.031197 1.590299 1.648072
25.0 1.652192 1.186509 1.273362
i 30.0 1.352733 .873341 978800
4 35.0 1.121781 .644263 .748134
40.0 .947027 .489385 .568485
45.0 814783 .390303 .429320
50.0 .712961 .323158 .322058 i
55.0 .634082 .269139 .239799 L
60.0 .575874 .221037 177051 |
65.0 .539023 .182188 129476 N
70.0 .523560 .161844 093660 L
75.0 .526517 166677 .066921 .
80.0 .542567 .193653 047152 ' d
85.0 .566245 235808 032702 .‘!
90.0 .593267 .288449 .022278
95.0 .620287 .347719 014873 l 3
100.0 .643988 .408531 009703 !
M=4 3
CAP SIZE o o o
Yo del 46 " 46 A
5.0 3.978880 2.490406 2.496183 o
10.0 3.111038 1.469157 1.508087 ;
15.0 2.505130 .842184 .931024
20.0 2.031197 479325 .575539
25.0 1.652192 .364583 .355742
! 30.0 1.352733 .379008 219870
35.0 1.121781 .383924 135749 :
@ 40.0 .947027 .347850 083569
! 45.0 .814783 .283567 051187
{ 50.0 .712961 211813 031128 o
55.0 634082 . 148805 018749 r
: 60.0 575874 101453 011168
j 65.0 .539023 069449 006559
; 70.0 .523560 053782 003792
75.0 .526517 056723 002183
: 80.0 .542567 .070400 001197
RS.0 .566245 .O8R669 000650
90.0 .593267 113041 000344
95.0 .620287 .143649 000176

100.0 643988 174213 000087
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Table B.2 (Continued)

M=6
CAP SIZE . . .
Wo del dGul 86 A
5.0 3.978880 1.855658 1.869405
10.0 3.111038 .841762 913194
15.0 2.505130 377418 454259
20.0 2.031197 321540 227998
25.0 1.652192 .343545 115407
30.0 1.352733 .299329 058708
35.0 1.121781 218555 029874
‘ 40.0 947027 154355 015147
1 45.0 .814783 131300 007625
50.0 712961 .120768 .003799
55.0 634082 .099153 001869
60.0 575874 .069989 .000905
65.0 .539023 .044329 .000430
70.0 .523560 030527 000200
75.0 526517 .033051 000091
80.0 .542567 043041 000040
85.0 .566245 .052876 000017
: 90.0 .593267 .066097 000007
[‘ 95.0 620287 .085426 000003
| 100.0 .643988 102787 000001
;
g M =38
% CAP SIZE _ _ e
.} Wo del a0 " d6 ar
% 5.0 3.978880 1.419918 1.444878
10.0 3.111038 484336 571066
] 15.0 2.505130 .283755 231284
20.0 2.031197 304085 {95652
25.0 1.652192 238663 040132
30.0 1.352733 157320 016938
35.0 1.121781 138061 007142
40.0 947027 135345 .002994
45.0 .814783 107694 001243
50.0 712961 073710 000509
55.0 .634082 055312 000205
60.0 575874 043586 000081
65.0 .539023 [028934 000031
70.0 523560 018118 000012
75.0 526517 020591 000004
80.0 542567 .029886 000002
R5.0 .566245 .037026 000001
90.0 .593267 045138 000000
95.0 620287 058739 000000
100.0 .6413988 068533 000000
!




Table B.2 (Continued)

. M =10
CAP SIZE . o o
Wo de/ a6 n a6 Y
5.0 3.978880 1.094937 1.133355
10.0 3.111038 .303695 .363392
15.0 2.505130 279978 121074
20.0 2.031197 226822 041608
25.0 1.652192 .140284 014535
30.0 1.352733 133846 005102
! 35.0 1.121781 122272 001786
40.0 .947027 086117 000620
45.0 .814783 071222 000213
50.0 712961 063705 .000072
55.0 634082 .04452] 000024
60.0 575874 028111 000008
65.0 .539023 .018260 L000002
70.0 .523560 .010516 .000001
75.0 .526517 012848 000000
80.0 .542567 021672 .000000
85.0 .566245 028007 .000000
9.0 .59326¢7 .033488 000000
95.0 620287 043663 000000
100.0 643988 048752 000000
M =12
CAP SIZE L o o
W 40, a0, 40,
5.0 3.978880 .843845 .896296
10.0 3.111038 .248106 .234207
15.0 2.505130 .247209 064694
20.0 2.031197 .14593S 018544
‘ 25.0 1.652192 125036 005402
j 30.0 1.352733 113842 001579
j 5.0 1.121781 78RS0 000459
= 40.0 .947027 074463 000132
;; 45.0 .814783 060512 000037
; 50.0 712961 042577 000010
! 55.0 634082 035972 000003
i 60.0 575874 024122 000001
; 65.0 .539023 012894 000000
! 70.0 .523560 006329 000000
} 75.0 .526517 D083 1K 000000
! 80.0 .542567 016099 000000
| RS.0 .566245 022160 L000K)
; 9.0 .593267 026173 000000
95.0 620287 034066 000000
100.0 643988 036357

000000




APPENDIX C

DERIVATION OF CERTAIN INTEGRALS INVOLVING LEGENDRE FUNCTIONS
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DERIVATION OF CERTAIN INTEGRALS INVOLVING LEGENDRE FUNCTIONS

Use will be made of the recurrence relations as given by Lebedey (1972), In all cases the integration inter-
nalwillbe -1 S g v< h< [,

I. Definitions: |

Pry=(-x)2 47 p () [
dx” i

Py = 9 py (.0
dx

Lo .

1. Recurrence relations:

(1-x% ;’ Pl=m+mP. -nxP; (C.2) ‘
dx ‘
nP,=xP,-P,, (C.3)
nP., =P, -xP., (C.4) ,

1. Theorems:

(i) Theorem C-): i ‘
b
f PT(x) Pr(x) dy = [(j(_—_k__) XPIP] -(n + m) Pl P7 + (k + m) P,'."P'.".\. ’ (C.5)
“ nm-k)n+k+ 1 .

forn#kandn21,k21.

Proof: Consider the following differential equations satisfied by the associated Legendre functions

d 2y m’ B .
AU | I ),r}+{n(n t -7 h}_v =0 (C.6)
dx 1 -x*

with a solution given by P (v), and

. 2

d g -x'wi+fkk s - M }y-o0 (.7

dx 1!
with one of its solutions PT(x). Assume that 7 # k and mubtiply equation (C.6) by 727 (v) and (C.7y by P(x), !
form their difference, and then integrate to get l’ :

f prld -y 4 prlae - f prod taoy doprlon
" dx dx ! dx dvy
s dn(n + 1) - k(k + I)}f PP dv 0, (C.R) »

' 47




Integrating the first two integrals by parts and noting that

nn + N-ktk + ND=m-k)n +k +1)

leads to
13

J prerax = [ (1-xH p; 4 propr d P,,"H (C.9)
iy (n-K)n + k+1) dx dx

Using (C.2) and rearranging terms, gives

f/. P™ PT dy = [(n -kYXPIP] -(n + m) P, \P] + (k + m) PTPT., ]
‘ (n-k¥n + k +1)

forn#kandn21,k21.
(i) Theorem C-2: ]
I
f P, P\ dx = - nk [(n-k)xP,.P,. -n+ DPP +(k+ PP ]
“ (n-k)n +k+1)
forn#kand n22,k22. (C.10)
Proof: Set /m = 1 in equation (C.5) to get
h 1yt ! 1 1! '
[ PP ax - [(n-k)xP"P, -(n+ WP P+ (k+ )PP, ] ' .10
- (n-k)n + k + 1) .
From equation (C.1) for m = 1, and (C.3)
P, = (-x'yp
P,{‘ = (- xz)./z P;~l -' '

(1 - x7)* (xP, - jP)), for j 2 2.

Substituting the above into (C.11) and simplifying yields

»

N [u -xh ('I‘J,’,f PP -ktk + D) PP )] . (C.12) N
! (n-kXn + k + 1) i




.

Finally, using equation (C.2) with m = 0, gives

I(.P,'P.'(/,\‘: - nk [("-A)\I’Pk—(n tDPP ks )PP
’ (n-k)Xn + &k + 1)

forn#kand n22 , k2 2.

(i) Theorem C-3:

23
J P prax = {(" K)xP.Py - nP.Py + kPP ]
“ (n-k)¥n + k + 1)

forn#k, n21,k21.
Proof: Set m = 0 in equation (C.5) and the result follows.

(iv) Theorem C-4:

fP,.d\— 2n-1 f PL, dx + [NP + Pl -2PP. ]

(2n +1) 2n + l)_A¥

Proof: Replacing one of the P,(x)’s by (C.3) gives

"I,.h Pdx = J:/‘.\'P"P,', dx - fl PP, dx.

Integrating by parts the integrals on the right side of (C.15) give

h

b
S wppiax = 1 e [ Prax
and
h h
f PP, dx = IPHP.,..I,,—f PP, dx
or using identity (C.4)
h

f" h PP dx = [P,P,.] -n f " Pl dx - f vP,_P.., dv.

Substituting (C.16) and (C.17) into (C.15) and simplifying gives

h h I
(2n + 1) f Pldv - WPl-2P.p, ) & 2n f Plidv + 2 f XP, P dy.

Integrating the last integral of (C.18) by parts gives

fowep o py o J pa
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(C.13)

(C.14)

(C.15)

(C.16)

(C.17)

(C.1¥%)

(.19
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so equation (C.18) can be written as

h h : 1

R :
@n+ 1 f Pldx = 2n-1) f PlL,dx + [x(P} + P.,)-2P.P..\], (C.20) | é
¥
or ;

f Pldax = @n-1 f PL.dx + [x(P,. + PL)-2P.P., | ,
. @n+1 7 @n + 1) . b
(v) Theorem C.S: vl
h b . E
f. (P.1 dx = n(n + 1) f Pldx + n[P.P..,-xP]]. forn>2. (C.21) l
Proof: From (C.1) with m = 1| and (C.2) withm = 0 t
.
(P’ =P.(1-x") P, ]

= pXnP.., - nxP,).

, X

fah [P.) dx = nJ:hP,-.P; dx-n_[ XxP,P, dx. (C.22) |

Using (C.4) and then (C.19) in the first integral on the right of (C.22) yields ]J

b

J;h P..P.dx =n _£h Pl.dx + _[ xP,.\P.., dx

| b
=(n-3) f.. Pl dx + lZ [XPI_.]:. (C.23)

Using equation (C.14) in equation (C.23) gives

SR

h b
f,. P.P.dx=(n+ %) f Pldx+ [P.P...- 5 xP}] . (C.24)

Finally, substituting equations (C.16) and (C.24) into (C.22) and simplifying yields ﬂ

h h
f. [P.] dx = n(n + 1)J: Pldx + nP.P.., - xPl). .
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